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WEAK PULLBACK MEAN RANDOM ATTRACTORS FOR
STOCHASTIC EVOLUTION EQUATIONS AND APPLICATIONS
ANHUI GU
Abstract. In this paper, we investigate the existence and uniqueness of weak
pullback mean random attractors for abstract stochastic evolution equations
with general diffusion terms in Bochner spaces. As applications, the existence
and uniqueness of weak pullback mean random attractors for some stochastic
models such as stochastic reaction-diffusion equations, the stochastic p-Laplace
equation and stochastic porous media equations are established.
1. Introduction
In this work, we aim to consider the long-term behavior for the following non-
autonomous stochastic abstract evolution equation on an open bounded domain
O ⊆ Rn:
(1.1) du =
(
A(t, u) + F (u) + g(t, x)
)
dt+ εG(t, u)dW (t), x ∈ O, t > τ,
with initial-boundary condition, where τ ∈ R, F is a Lipschitz function, A and G
are mappings specified later, εG(t, u)dW is a general diffusion term with ε ∈ (0, 1]
a constant denoting the intensity of the noise. Originally, such type of equations
have a rich mathematical theory and fundamental applications, see e.g. [27] for
more details.
Random attractor is the effective tool for capturing the pathwise long-time be-
havior for random dynamical systems generated by stochastic differential equations.
Based on the theory in [1], we know that an Itoˆ-type stochastic ordinary differential
equation generates a random dynamical system under natural assumptions on the
coefficients. The pullback random attractors theory was systematically established
first in [8, 11, 28] and gained its popular applications since the late 1990s, see e.g.
[2, 3, 5, 6, 7, 8, 9, 15, 16, 17, 20, 22, 24, 29, 30, 31, 34]. The generation of a random
dynamical system from an Itoˆ-type stochastic partial differential equations has been
a long-standing open problem. Most of the efforts are taken to tackle the special
cases when G(t, u) is linear in u. When G(t, u) is a general nonlinear function, we
even don’t know whether system (1.1) generates a random dynamical system or
not. The main reason is that Kolmogorov’s theorem fails for random fields parame-
terized by infinite-dimensional Hilbert spaces. This fact leads to dynamical aspects
such as the asymptotic stability, random attractors, random invariant manifolds
have not been fully investigated in generality.
Compared to the pathwise random attractor methods used in [12, 13, 14, 18,
19, 21, 26], one possible theory to deal with this issue above is to replace it by
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the mean-square random attractor as suggested in [23]. However, the existence
of mean-square random attractor theory is difficulty in dealing with the general
nonlinear functions in drift term. Quite recently, a new type of weak mean-square
random attractor, i.e., weak pullback mean random attractor in reflective Bochner
spaces was introduced in [32, 33] to tackle the stochastic partial differential equa-
tions with general nonlinear drift and diffusion terms based on the weak topology.
Following this line, we first obtain the dynamic behavior of the abstract system
(1.1) when the intensity ε small enough and then apply to some concrete equations
such as stochastic reaction-diffusion equations, the stochastic p-Laplace equation
and stochastic porous media equations. It seems that this is the first time to con-
sider establishing these results for the non-autonomous stochastic evolution equa-
tions based on variational approach. This approach has been used intensively in
recent years to analyze stochastic partial differential equations driven by an infinite-
dimensional Wiener process. For more details, see e.g. the monographs [25, 27] and
the references therein.
The paper is arranged as follows. In the next section, we give some basic con-
cepts and results on the existence of weak pullback mean random attractors for
mean random dynamical systems. In section 3, we first define a mean random
dynamical system via the solution operators of the abstract non-autonomous sto-
chastic evolution equation, and then prove the existence and uniqueness of weak
pullback mean random attractors for this model when the intensity of the noise is
small enough. In section 4, some models with different mappings A and appropri-
ate chosen coefficients to guarantee the existence of weak pullback mean random
attractors are addressed.
2. Theory of Mean Random Dynamical Systems
We recall some basic concepts and results on the existence of weak pullback
mean random attractors for mean random dynamical systems from [4, 23, 32, 33].
Let (Ω,F , {Ft}t∈R,P) be a complete filtered probability space with {Ft}t∈R is an
increasing right continuous family of sub-σ-algebras of F that includes all P-null
sets. Denote X be a Banach space with norm ‖ · ‖X . We say a function ψ : Ω→ X
is strongly measurable if there exists a sequence of simple functions ψn : Ω → X ,
such that lim
n→∞
‖ψn−ψ‖X = 0 P-a.e. Such a function ψ is called Bachner integrable
if there exists a sequence of simple functions ψn : Ω→ X , such that
lim
n→∞
∫
Ω
‖ψn − ψ‖XdP = 0,
then the Bochner integral of ψ is defined as∫
Ω
ψdP = lim
n→∞
∫
Ω
ψndP.
Now, for q ≥ 1, we denote Lq(Ω,F ;X) the Bochner space consisting of all Bochner
integrable functions ψ : Ω→ X such that
‖ψ‖Lq(Ω,F ;X) =
(∫
Ω
‖ψ‖qXdP
)1/q
<∞.
For every τ ∈ R, we define the space Lq(Ω,Fτ ;X) analogously.
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LetD be a collection of some families of nonempty bounded subsets of Lq(Ω,Fτ ;X)
parameterized by τ ∈ R, that is,
D = {D = {D(τ) ⊆ Lq(Ω,Fτ ;X) : D(τ) 6= ∅ bounded, τ ∈ R} :
D satisfies some conditions}.
(2.1)
Such a collection D is called inclusion-closed if D = {D(τ) : τ ∈ R} ∈ D implies
that every family Dˆ = {Dˆ(τ) : ∅ 6= Dˆ(τ) ⊆ D(τ), ∀τ ∈ R} ∈ D.
Definition 2.1. A family Φ = {φ(t, τ) : t ∈ R+, τ ∈ R} of mappings is called a
mean random dynamical system on Lq(Ω,F ;X) over (Ω,F , {Ft}t∈R,P) if for all
τ ∈ R and t, s ∈ R+,
(i) φ(t, τ) maps Lq(Ω,Fτ ;X) to L
q(Ω,Ft+τ ;X);
(ii) φ(0, τ) is the identity operator on Lq(Ω,Fτ ;X);
(iii) φ(t+ s, τ) = φ(t, τ + s) ◦ φ(s, τ).
Definition 2.2. A family K = {K(τ) : τ ∈ R} ∈ D is called D-pullback absorbing
set for Φ on Lq(Ω,F ;X) over (Ω,F , {Ft}t∈R,P) if for every τ ∈ R and D ∈ D,
there exists T = T (τ,D) > 0 such that
φ(t, τ − t)(D(τ − t)) ⊆ K(τ) for all t ≥ T.
Furthermore, for every τ ∈ R, K(τ) is a weakly compact nonempty subset of
Lq(Ω,Fτ ;X), then we call K = {K(τ) : τ ∈ R} a weakly compact D-pullback
absorbing set for Φ.
Definition 2.3. A family K = {K(τ) : τ ∈ R} ∈ D is called D-pullback weakly
attracting set for Φ on Lq(Ω,F ;X) over (Ω,F , {Ft}t∈R,P) if for every τ ∈ R,
D ∈ D and every weak neighborhood N w(K(τ)) of K(τ) in Lq(Ω,Fτ ;X), then
there exists T = T (τ,D,N w(K(τ))) > 0 such that for all t ≥ T ,
φ(t, τ − t)(D(τ − t)) ⊆ N w(K(τ)).
Definition 2.4. A family A = {A (τ) : τ ∈ R} ∈ D is called a weak D-pullback
mean random attractor for Φ on Lq(Ω,F ;X) over (Ω,F , {Ft}t∈R,P) if for all
τ ∈ R,
(a) A (τ) is a weakly compact subset of Lq(Ω,Fτ ;X);
(b) A is a D-pullback weakly attracting set of Φ;
(c) A is the minimal one among D with both properties (a) and (b).
The next result was established to guarantee the existence and uniqueness of
weak pullback mean random attractors in Lq(Ω,F ;X) over filtered probability
space (Ω,F , {Ft}t∈R,P).
Proposition 2.5 (See [32, 33]). Assume X is a reflexible Banach space and
q ∈ (1,∞). Let D be an inclusion-closed collection of some families of nonempty
bounded subsets of Lq(Ω,F ;X) as given in (2.1) and Φ be a mean random dynam-
ical system on Lq(Ω,F ;X) over (Ω,F , {Ft}t∈R,P). If Φ has a weakly compact
D-pullback absorbing set K ∈ D on Lq(Ω,F ;X) over (Ω,F , {Ft}t∈R,P), then Φ
has a unique weak D-pullback mean random attractor A ∈ D with A given by, for
each τ ∈ R,
A (τ) =
⋂
r≥0
⋃
t≥r
φ(t, τ − t)(K(τ − t))
w
,
where the closure is taken with respect to the weak topology of Lq(Ω,Fτ ;X).
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3. Setup and Main Results
Let
V ⊂ H ≡ H∗ ⊂ V ∗
be a Gelfand triple, that is, H is a separable Hilbert space with inner product 〈, 〉H
and is identified to its dual H∗ due to the Riesz isomorphism, V is a reflective
Banach space such that V ⊂ H continuously and densely, and denote V ∗〈, 〉V the
dualization between V ∗ and its dual V . In particular, there is a constant λ > 0
such that
(3.1) ‖v‖2V ≥ λ‖v‖
2
H for all v ∈ V,
which also implies that when α > 2, there exists constant Cα > 0 such that
(3.2) Cα + ‖v‖
α
V ≥ λ‖v‖
2
H .
Let (Ω,F , {Ft}t∈R,P) be a complete filtered probability space enjoying the usual
properties, that is, {Ft}t∈R is an increasing right continuous family of sub-σ-
algebras of F that contains all P-null sets.
Let O be a bounded domain in Rn with smooth boundary ∂O and the Lebesgue
measure of the domain |O| 6= 0. For τ ∈ R, consider the following non-autonomous
stochastic evolution equation on O × (τ,∞) of type
(3.3)
{
du =
(
A(t, u) + F (u) + g(t, x)
)
dt+ εG(t, u)dW (t), x ∈ O,
u(τ) = u0 ∈ L
2(Ω,Fτ ;H),
with W (t) a two-sided cylindrical Q-Wiener process with respect to the filtration
{Ft}t∈R, where Q is the identity operator on another separable Hilbert space U
and with G taking values in L2(U,H) as denoting the Hilbert space consisting of
all Hilbert-Schmidt operators from U to H , but with A taking values in V ∗. The
constant ε ∈ (0, 1], g ∈ L2loc(R, H) and the stochastic term is understood in the
sense of Itoˆ’s integration.
(H0) Assume that F : H → H is a Lipschitz continuous function with Lipschitz
constant γ1 and for all u ∈ H ,
(3.4) ‖F (u)‖H ≤ γ2(1 + ‖u‖H), with γ2 > 0.
Let
A : R× V × Ω→ V ∗, G : R× V × Ω→ L2(U,H)
are maps such that A(·, ·;ω) : R × V → V ∗ and G(·, ·;ω) : R × V → L2(U,H) are
respectively, (B(R)⊗B(V ),B(V ∗))- and (B(R)⊗B(V ),B(L2(U,H)))-measurable for
each ω ∈ Ω. We make the following assumptions: for all v, v1, v2 ∈ V , ω ∈ Ω and
t ∈ R,
(H1) (Hemicontinuity) The map
s 7→V ∗ 〈A(t, v1 + sv2;ω), v〉V
is continuous on R.
(H2) (Weak monotonicity) There exists γ3 ∈ R such that
2γ1‖v1 − v2‖
2
H + 2V ∗〈A(t, v1;ω)−A(t, v2;ω), v1 − v2〉V
+ ‖G(t, v1)−G(t, v2)‖
2
L2(U,H)
≤ γ3‖v1 − v2‖
2
H .
(H3) (Coercivity) There exist α ≥ 2, γ4 ∈ R, γ5 > 0, and h1 ∈ L1loc(R) such that
2V ∗〈A(t, v;ω), v〉V + ‖G(t, v)‖
2
L2(U,H)
≤ γ4‖v‖
2
H − 3γ5‖v‖
α
V + h1(t).
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(H4) (Growth) There exist γ6 > 0 and h2 ∈ L
α
α−1
loc (R) such that
‖A(t, v;ω)‖V ∗ ≤ γ6‖v‖
α−1
V + h2(t).
(H5) For the existence of weak pullback attractors, we further assume that
(3.5)
γ2 + |γ4|
γ5
< λ.
Remark 3.1. By (H3) and (H4) we know that for all v ∈ V ,
(3.6)
‖G(t, v)‖2L2(U,H) ≤ γ4‖v‖
2
H + (2γ6 − 3γ5)‖v‖
α
V + 2h2(t)‖v‖V + h1(t)
≤ γ4‖v‖
2
H + 2(γ6 − γ5)‖v‖
α
V + Cγ5,α|h2(t)|
α
α−1 + h1(t)
≤ γ4‖v‖
2
H + 2γ6‖v‖
α
V + Cγ5,α|h2(t)|
α
α−1 + h1(t).
Definition 3.2. Let τ ∈ R. We say that an H-valued {Ft}t∈R-adapted pro-
cess {u(t)}t∈[τ,∞) is a solution to problem (3.3) if u(·;ω) ∈ L
2
loc([τ,∞), H) ∩
Lαloc((τ,∞), V ) and P-a.s.
u(t) = u0+
∫ t
τ
(
A(s, u(s);ω) + F (u(s)) + g(s)
)
ds
+
∫ t
τ
εG(s, u(s);ω)dW (s), t > τ.
Based on [27, Theorem 4.2.4], we know that for every τ ∈ R and u0 ∈ L2(Ω,Fτ ;H),
system (3.3) has a unique solution u in the sense of Definition 3.2 under the as-
sumptions (H0)-(H4) and it satisfies, for every T > 0,
(3.7) E
(∫ τ+T
τ
‖u(s)‖αV ds+ sup
t∈[τ,τ+T ]
‖u(t)‖2H
)
<∞.
Now, let φ be a mapping from R+ × R× L2(Ω, H) to L2(Ω, H) given by
φ(t, τ)(u0) = u(t+ τ, τ, u0),
where u is the solution of system (3.3) with initial data u0 ∈ L2(Ω,Fτ ;H). Then,
we know that Φ = {φ(t, τ) : t ∈ R+, τ ∈ R} is actually a mean random dynamical
system on L2(Ω,F ;H) over (Ω,F , {Ft}t∈R,P).
We will use D to denote the collection of all families of nonempty bounded
subsets of L2(Ω,Fτ ;H), i.e.,
D = {D = {D(τ) ⊆ L2(Ω,Fτ ;H) :D(τ) 6= ∅ bounded, τ ∈ R} :
lim
τ→−∞
eλγ5τ‖D(τ)‖2L2(Ω,Fτ ;H) = 0}.
In the sequel, we further assume
(3.8)
∫ τ
−∞
eλγ5s(‖g(s)‖2H + |h1(s)|+ |h2(s)|
α
α−1 )ds <∞, ∀τ ∈ R.
We first derive the following uniform estimates for problem (3.3).
Lemma 3.3. Suppose (H0)-(H5) and (3.8) hold. Then there exists ε0 > 0 such
that for every ε ∈ (0, ε0] and for every τ ∈ R and D = {D(t)}t∈R ∈ D, there exists
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T = T (τ,D) > 0 such that for all t ≥ T ,
E(‖u(τ, τ − t, u0)‖
2)
≤ L+ Le−λγ5τ
∫ τ
−∞
eλγ5s(‖g(s)‖2H + |h1(s)|+ |h2(s)|
α
α−1 )ds,
where u0 ∈ D(τ − t) and L is a positive constant independent of τ and D.
Proof. Applying Itoˆ’s formula to (3.3), we obtain for r ≥ τ − t,
‖u(r, τ − t, u0)‖
2
H
= ‖u0‖
2
H + 2
∫ r
τ−t
V ∗〈A(s, u(s)), u(s, τ − t, u0)〉V ds
+ 2
∫ r
τ−t
〈F (u(s)), u(s, τ − t, u0)〉Hds
+ 2
∫ r
τ−t
〈g(s), u(s, τ − t, u0)〉Hds
+
∫ r
τ−t
ε2‖G(s, u(s, τ − t, u0))‖
2
L2(U,H)
ds
+ 2
∫ r
τ−t
〈u(s, τ − t, u0), εG(s, u(s, τ − t, u0))dW (s)〉Hds,
which implies that
E(‖u(r, τ − t, u0)‖
2
H)
= E(‖u0‖
2
H) + 2
∫ r
τ−t
E(V ∗〈A(s, u(s)), u(s, τ − t, u0)〉V )ds
+ 2
∫ r
τ−t
E(〈F (u(s)), u(s, τ − t, u0)〉H)ds
+ 2
∫ r
τ−t
E(〈g(s), u(s, τ − t, u0)〉H)ds
+
∫ r
τ−t
ε2E(‖G(s, u(s, τ − t, u0))‖
2
L2(U,H)
)ds.
Thus, we know that, for almost all r ≥ τ − t,
d
dr
E(‖u(r, τ − t, u0)‖
2
H) = 2E(V ∗〈A(r, u(r)), u(r, τ − t, u0)〉V )
+ 2E(〈F (u(r)), u(r, τ − t, u0)〉H) + 2E(〈g(r), u(r, τ − t, u0)〉H)
+ ε2E(‖G(r, u(r, τ − t, u0))‖
2
L2(U,H)
).
(3.9)
First, by (H0), we see
〈F (u), u〉H ≤ ‖F (u)‖H‖u‖H ≤ γ2‖u‖H + γ2‖u‖
2
H
≤
1
4
(λγ5 − γ2 − |γ4|)‖u‖
2
H +
1
λγ5 − γ2 − |γ4|
|O|+ γ2‖u‖
2
H ,
which implies that
2E(〈F (u(r)), u(r)〉H ) ≤
1
4
(λγ5 + 3γ2 − |γ4|)E(‖u(r, τ − t, u0)‖
2
H)
+ Cλ,γ2,γ4,γ5,|O|.
(3.10)
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By the Young inequality, we get
2E(〈g(r), u(r, τ − t, u0)〉H)
≤
1
4
(λγ5 − γ2 − |γ4|)E(‖u(r, τ − t, u0)‖
2
H) +
1
λγ5 − γ2 − |γ4|
‖g(r)‖2H .
(3.11)
Denote
(3.12) ε0 = min
{
1,
√
λγ5 − γ2 − |γ4|
4λγ6 + |γ4|
}
.
Then for all ε ∈ (0, ε0], by (H3) and (3.6) we get
2E(V ∗〈A(r, u(r)), u(r, τ − t, u0)〉V ) + ε
2‖G(r, u(r, τ − t, u0))‖
2
L2(U,H)
≤ −2γ5E(‖u(r, τ − t, u0)‖
α
V ) + γ4‖u(r, τ − t, u0)‖
2
H
+ ε2γ4‖u(r, τ − t, u0)‖
2
H + 2ε
2γ6E(‖u(r, τ − t, u0)‖
α
V )
+ Cγ5,α|h2(r)|
α
α−1 + 2|h1(r)|
≤ −2γ5E(‖u(r, τ − t, u0)‖
α
V ) +
2(λγ5 − γ2 − |γ4|)γ6
4λγ6 + |γ4|
E(‖u(r, τ − t, u0)‖
α
V )
+
(
(λγ5 − γ2 − |γ4|)|γ4|
4λγ6 + |γ4|
+ |γ4|
)
E(‖u(r, τ − t, u0)‖
2
H)
+ Cγ5,α|h2(r)|
α
α−1 + 2|h1(r)|,
which along with (3.9)-(3.11) and (3.2) shows that for almost all r ≥ τ − t,
d
dr
E(‖u(r, τ − t, u0)‖
2
H)
+
(
2γ5 −
2(λγ5 − γ2 − |γ4|)γ6
4λγ6 + |γ4|
)
λE(‖u(r, τ − t, u0)‖
2
H)
≤
1
2
(
λγ5 + γ2 + |γ4|+
(λγ5 − γ2 − |γ4|)|γ4|
4λγ6 + |γ4|
)
E(‖u(r, τ − t, u0)‖
2
H)
+ Cλ,γ2,γ4,γ5,α,|O| + Cλ,γ2,γ4,γ5‖g(r)‖
2
H + Cγ5,α|h2(r)|
α
α−1 + 2|h1(r)|.
(3.13)
Obviously, we see(
2γ5 −
2(λγ5 − γ2 − |γ4|)γ6
4λγ6 + |γ4|
)
λ
−
1
2
(
λγ5 + γ2 + |γ4|+
(λγ5 − γ2 − |γ4|)|γ4|
4λγ6 + |γ4|
)
= λγ5.
Now, by (3.13) we obtain, for almost all r ≥ τ − t,
d
dr
E(‖u(r, τ − t, u0)‖
2
H) + λγ5E(‖u(r, τ − t, u0)‖
2
H)
≤Cλ,γ2,γ4,γ5,α,|O| + Cλ,γ2,γ4,γ5‖g(r)‖
2
H + Cγ5,α|h2(r)|
α
α−1 + 2|h1(r)|.
(3.14)
By multiplying (3.14) by eλγ5r and integrating over (τ − t, τ) with t > 0 to show
E(‖u(τ, τ − t, u0)‖
2
H) ≤ e
−λγ5tE(‖u0‖
2
H) + Cλ,γ2,γ4,γ5,α,|O|
+ Cλ,γ2,γ4,γ5,αe
−λγ5τ
∫ τ
τ−t
(‖g(r)‖2H + |h2(r)|
α
α−1 + |h1(r)|)dr.
(3.15)
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Since u0 ∈ D(τ − t) and D = {D(t)}t∈R ∈ D we see
e−λγ5τeλγ5(τ−t)E(‖u0‖
2
H) ≤ e
−λγ5τeλγ5(τ−t)‖D(τ − t)‖2L2(Ω,Fτ ;H) → 0
as t→∞,
which implies that there exists T1 = T1(τ,D) > 0 such that for all t ≥ T1,
e−λγ5τeλγ5(τ−t)E(‖u0‖
2
H) ≤ 1.(3.16)
By (3.15)-(3.16) we have, for all t ≥ T1,
E(‖u(τ, τ − t, u0)‖
2
H) ≤ 1 + Cλ,γ2,γ4,γ5,α,|O|
+ Cλ,γ2,γ4,γ5,αe
−λγ5τ
∫ τ
−∞
(‖g(r)‖2H + |h2(r)|
α
α−1 + |h1(r)|)dr.
The proof is complete. 
Based on Lemma 3.3, we establish the existence of weakly compact D-pullback
absorbing set for (3.3).
Lemma 3.4. Suppose (H0)-(H5) and (3.8) hold. Then there exists ε0 > 0 such
that for every ε ∈ (0, ε0], the random dynamical system Φ for problem (3.3) pos-
sesses a weakly compact D-pullback absorbing set K = {K(τ) : τ ∈ R} ∈ D, which
is given by, for each τ ∈ R,
K(τ) = {u ∈ L2(Ω,Fτ ;H) : E(‖u‖
2
H) ≤ R(τ)},(3.17)
where
R(τ) = L+ Le−λγ5τ
∫ τ
−∞
eλγ5s(‖g(r)‖2H + |h1(s)|+ |h2(s)|
α
α−1 )ds,
with L being the same constant as in Lemma 3.3.
Proof. Since for each τ ∈ R, K(τ) defined in (3.17) is a bounded closed convex
subset of L2(Ω,Fτ ;H), and hence it is weakly compact in L
2(Ω,Fτ ;H). Moreover,
by Lemma 3.3, we know that for every τ ∈ R and D = {D(t)}t∈R ∈ D, there exists
T = T (τ,D) > 0 such that for all t ≥ T and 0 < ε ≤ ε0,
Φ(t, τ − t,D(τ − t)) ⊆ K(τ).
Obviously by (3.8), we can verify K ∈ D. Therefore, K is a weakly compact D-
pullback absorbing set for Φ. 
Now, by Lemma 3.4 and Proposition 2.5, we obtain the main result of the exis-
tence of weak D-pullback mean random attractor for (3.3).
Theorem 3.5. Suppose (H0)-(H5) and (3.8) hold. Then there exists ε0 > 0
such that for every ε ∈ (0, ε0], the random dynamical system Φ for problem (3.3)
possesses a unique weak D-pullback mean random attractor A = {A (τ) : τ ∈ R} ∈
D in L2(Ω,Fτ ;H) over (Ω,F , {Fτ}t∈R,P).
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4. Some Applications
In this section, we present some examples of concrete stochastic evolution equa-
tions. Here, we solely focus on A independent of t and take G ≡ 0. The latter we
do because of the fact in [27, Exercise 4.1.2] . We also note that from here examples
for A dependent on (t, ω) are then immediate. We always consider O ⊂ Rn as an
open bounded domain with smooth boundary ∂O and the external forcing term
g ∈ L2loc(R, H).
Example 4.1 (H10 ⊂ L
2 ⊂ (H10 )
∗ and A = ∆). Consider the following triple
V := H10 (O) ⊂ L
2(O) := H ⊂ (H10 (O))
∗ = H−1(O) := V ∗
and the stochastic reaction-diffusion equation
(4.1)


du = (∆u + F (u) + g(x, t))dt +G(u)dW, x ∈ O, t > τ,
u(x, t) = 0, x ∈ ∂O, t > τ,
u(x, τ) = u0 ∈ L2(Ω,Fτ ;L2(O)).
Let A(u) = ∆u. Similarly to [27, Example 4.1.7], we can extend A with initial
domain C∞0 (O) to a bounded linear operator A : V → V
∗. Since A : V → V ∗ is
linear, (H1) is obviously satisfied. In this case, we don’t need (3.6) due to
2V ∗〈A(u), u〉V = −‖∇u‖
2
L2(O) ≤ 0.
So the conditions given in (3.5) and (3.12) should be adjusted as
(4.2)
γ2
γ5
< λ, ε˜0 = min
{
1,
√
λγ5 − γ2
4λγ6 + |γ4|
}
.
Indeed, the λ defined in (3.1) can be chosen as
‖v‖2L2(O) ≤
n
√
|O|
µn
‖∇v‖2L2(O) for all v ∈ H
1
0 (O),
where µn is the volume of unit ball in R
n in terms of the Gamma function Γ:
µn =
2pin/2
nΓ(n2 )
.
Now, take γ1 ≥ 0, 0 < γ2 <
2
3λ, γ3 = 2γ1, γ4 = 2, γ5 =
2
3 , γ6 = 1 and α = 2,
then all the conditions in (H2)-(H4) and (4.2) are satisfied. Then, we have
Theorem 4.2. Assume that γ1 ≥ 0, 0 < γ2 <
2
3λ, γ3 = 2γ1, γ4 = 2, γ5 =
2
3 , γ6 = 1
and α = 2 in (H0)-(H5) and (3.8) hold. Then there exists ε˜0 = min
{
1,
√
2
3
λ−γ2
4λ+2
}
such that for every ε ∈ (0, ε˜0], the random dynamical system Φ for problem (4.1)
possesses a unique weak D-pullback mean random attractor A = {A (τ) : τ ∈ R} ∈
D in L2(Ω,Fτ ;L
2(O)) over (Ω,F , {Fτ}t∈R,P).
We remark that the similar result has been established in [32].
Example 4.3 (Lp ⊂ L2 ⊂ Lp/p−1 and A(u) := −u|u|p−2). For p ≥ 2, consider the
following triple
V := Lp(O) ⊆ L2(O) := H ⊆ (Lp(O))∗ = L
p
p−1 (O) := V ∗
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and the stochastic evolution equation
(4.3)


du = (−u|u|p−2 + F (u) + g(t, x))dt+G(u)dW, x ∈ O, t > τ,
u(x, t) = 0, x ∈ ∂O, t > τ,
u(x, τ) = u0 ∈ L2(Ω,Fτ ;L2(O)).
Define A : V → V ∗ by
A(u) := −u|u|p−2, u ∈ V.
Indeed, A takes values in V ∗ for all u ∈ V . Furthermore, A satisfies (H1)-(H4).
This can be verified by the same steps as in [27, Example 4.1.5] with
• γ3 := 2γ1 in (H2);
• α := p, γ4 = 0 and γ5 =
2
3 in (H3);
• α := p and γ6 = 1 in (H4).
From (3.1), we know that for p > 2,
‖v‖2L2(O) ≤ ‖v‖
2
Lp(O)|O|
p
p−2 for all v ∈ Lp(O),
which implies that we can choose γ2 > 0 given in (3.4) such that
γ2 + |γ4|
γ5
=
3
2
γ2 < λ0 ⇒ γ2 <
2
3
λ0,
where λ0 depends on |O| and p.
Then, we have the existence of weak D-pullback mean random attractor for (4.3).
Theorem 4.4. Assume that γ1 ≥ 0, 0 < γ2 <
2
3λ0, γ3 = 2γ1, γ4 = 0, γ5 =
2
3 , γ6 =
1, α = p in (H0)-(H5) and (3.8) hold. Then there exists ε˜0 = min
{
1,
√
2
3
λ0−γ2
4λ0
}
such that for every ε ∈ (0, ε˜0], the random dynamical system Φ for problem (4.3)
possesses a unique weak D-pullback mean random attractor A = {A (τ) : τ ∈ R} ∈
D in L2(Ω,Fτ ;L
2(O)) over (Ω,F , {Fτ}t∈R,P).
Example 4.5 (W 1,p0 ⊂ L
2 ⊂ (W 1,p0 )
∗ and A = p-Laplacian). Again, we take p ≥ 2,
consider the following triple
V :=W 1,p0 (O) ⊆ L
2(O) := H ⊆ (W 1,p0 (O))
∗ := V ∗
and the stochastic evolution equation
(4.4)


du = div(|∇u|p−2∇u) + F (u) + g(t, x))dt+G(u)dW, x ∈ O, t > τ,
u(x, t) = 0, x ∈ ∂O, t > τ,
u(x, τ) = u0 ∈ L2(Ω,Fτ ;L2(O)).
Define A : V → V ∗ by
A(u) := div(|∇u|p−2∇u), u ∈ V.
Indeed, A takes values in V ∗ for all u ∈ V . Similarly to [27, Example 4.1.9], (H1)
is obvious. We also have
λ˜‖v‖Lp(O) ≤ ‖∇v‖Lp(O) for all v ∈W
1,p
0 (O),
where λ˜ = n
√
µn
|O| . Now, by taking
• γ1 ≥ 0, 0 < γ2 <
λ˜
6 min{1, λ˜} in (H0);
• γ3 := 2γ1 in (H2);
• α := p, γ4 = 0 and γ5 =
1
6 min{1, λ˜} in (H3);
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• α := p and γ6 = 1 in (H4),
we establish the following result:
Theorem 4.6. Assume that γ1 ≥ 0, 0 < γ2 <
λ˜
6 min{1, λ˜}, γ3 = 2γ1, γ4 = 0,
γ5 =
1
6 min{1, λ˜}, γ6 = 1, α = p in (H0)-(H5) and (3.8) hold. Then there exists
ε˜0 = min
{
1,
√
λ˜
6
min{1,λ˜}−γ2
4λ˜
}
such that for every ε ∈ (0, ε˜0], the random dynam-
ical system Φ for problem (4.4) possesses a unique weak D-pullback mean random
attractor A = {A (τ) : τ ∈ R} ∈ D in L2(Ω,Fτ ;L2(O)) over (Ω,F , {Fτ}t∈R,P).
Example 4.7 (Lp ⊂ (H10 )
∗ ⊂ (Lp)∗ and A = porous medium operator). For p ≥ 2,
consider the following triple
V := Lp(O) ⊆ (H10 (O))
∗ := H ⊆ (Lp(O))∗ = L
p
p−1 (O) := V ∗
and the stochastic evolution equation
(4.5)


du = ∆Ψ(u) + F (u) + g(t, x))dt+G(u)dW, x ∈ O, t > τ,
u(x, t) = 0, x ∈ ∂O, t > τ,
u(x, τ) = u0 ∈ L2(Ω,Fτ ;H−1(O)).
Here, the function Ψ : R → R possesses the following properties:
(Ψ1) Ψ is continuous.
(Ψ2) For all s, t ∈ R,
(t− s)(Ψ(t)−Ψ(s)) ≥ 0.
(Ψ3) There exist p ≥ 2, β1 > 0, β2 ≥ 0 such that for all s ∈ R,
sΨ(s) ≥ β1|s|
p − β2.
(Ψ4) There exist β3, β4 > 0 such that for all s ∈ R,
|Ψ(s)| ≤ β3|s|
p−1 + β4.
Define the porous medium operator A : Lp(O)→ (Lp(O))∗ by
A(u) := ∆Ψ(u), u ∈ Lp(O).
Then the operator is well-defined, see e.g. [27, Example 4.1.11]. Also, (H1) holds.
By (Ψ2), γ3 := 2γ1 in (H2). (H3) is satisfied with γ4 = 0, γ5 =
2
3β1, α = p
and h1(t) := 2β2|O|. Take α = p, γ6 = β3 and h2(t) := β4|O|p/p−1, then (H4) is
satisfied. Furthermore, the γ2 can be chosen such that
γ2 <
2
3
β1λˆ,
where λˆ defined in
‖v‖2Lp(O) ≥ λˆ‖v‖
2
H−1(O) for all v ∈ L
p(O).
Then we have the main result:
Theorem 4.8. Assume that γ1 ≥ 0, 0 < γ2 <
2
3β1λ, γ3 = 2γ1, γ4 = 0, γ5 =
2
3β1,
γ6 = γ3, α = p, h1(t) := 2β2|O|, h2(t) := β4|O|p/p−1 in (H0)-(H5) and (3.8)
hold. Then there exists ε˜0 = min
{
1,
√
2
3
β1λ−γ2
4λ
}
such that for every ε ∈ (0, ε˜0], the
random dynamical system Φ for problem (4.5) possesses a unique weak D-pullback
mean random attractor A = {A (τ) : τ ∈ R} ∈ D in L2(Ω,Fτ ;H−1(O)) over
(Ω,F , {Fτ}t∈R,P).
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